The existing infrastructure for natural gas storage and transport made the Sabatier process an attractive step within the Power-toGas process chain for intermittent renewable energy storage. A model-based optimal design for the methanation of carbon dioxide with hydrogen to methane under process-wide constraints is presented. After inclusion of the downstream units into the analysis, the product methane fulfils the specifications for the 'natural gas grid'. The optimization goal was to maximize the space time yield by applying the systematic flux-oriented Elementary Process Function (EPF) methodology. The optimal temperature and concentration profiles along the reaction coordinate are first determined. After that they are approximated using two reaction configurations: 1) a hydrophilic membrane reactor and 2) a cascade of polytropic reactors with interstage condensation. The results show that an optimized cascade of 3 polytropic fixed bed reactors (e.g. optimal temperature profile) and 2 intermediate condensation steps is the best technical approximation for maximizing the space time yield.
Introduction
Depletion of fossil fuel reserves, climate change, fuel prices, as well as political instabilities have recently speeded up the development of technologies that exploit renewable sources to meet future energy demands in a sustainable way. Electrical power generated from renewable sources like wind and solar can reduce our dependence on fossil fuels. However, the intermittent nature of renewable electricity perturbs the operability of the electrical grid. Therefore, a renewables-derived energy system requires energy storage as one essential system component. The 'Power-to-Chemicals' concept responds to this need by converting renewable electrical power into chemical energy carriers. The already existing infrastructure for natural gas storage, transport and utilization makes the Sabatier process a preferential route within the 'Power-to-Chemicals' alternatives. Having a reported efficiency of 80% [1] , the route utilizes CO2 from biogas or power plants to convert renewable H2 into synthetic natural gas (SNG) according to Equation (1):
The recycling of the CO2 which contributes to global warming, is another benefit from the Sabatier process.
Several processes were developed in the 70's, amid the fuel crisis, to convert syngas derived from coal and biomass gasification into SNG.
[2] However, the technology development ceased in the mid 80's following the drop in oil prices. [2a] The methanation reaction remained, nevertheless, a purification step for hydrogen-rich streams in refineries and in chemical processes e.g. ammonia synthesis.
The renewed interest in CO2 methanation as a 'power-to-gas' technology is reflected in the numerous recent publications exceeding 100 papers in 2014. [3] The research focused mostly on the preparation of highly stable and active catalysts and to some extent on the elucidation of the reaction mechanism and the process/reactor design as reported in comprehensive reviews. [3] [4] COx methanation is usually carried out in fixed bed reactors. [4a] In ammonia synthesis the reactors are typically operated adiabatically, which is possible due to the low concentration of carbon oxides. [5] However, in case of COx-rich feed, intermediate cooling has to be integrated with the adiabatic reactors if high COx conversion is desired. Indeed, a series of adiabatic fixed bed reactors with intermediate cooling and/or product recycling, as well as isothermal fluidized bed reactors were the main reactor configurations applied in the former 'coal/biomass to SNG' processes. [2a] The adiabatic reactor/intercoolers concept was recently proposed by several researchers for the "Power-to-SNG" approach. De Saint Jean et al. [6] presented a process design that consisted of a high temperature steam electrolyser, a methanation unit and a gas purification. The methanation unit consisted of a series of four adiabatic reactors with intermediate cooling and one condensation step. Shaaf et al. [7] analyzed two concepts where the first consisted of two reactors with intermediate condensation and the second included six reaction stages with four gas intercooling steps.
Apart from using adiabatic reactors, the Sabatier process can be intensified by tailoring the temperature profile inside the reactor. El Sibai et al. [8] reported that a combination of an adiabatic reactor with active co-current and counter current cooling is the cost optimal reaction route in a cascade with three multi-tubular reactors and two intermediate condensation steps. The company SolarFuel proposed a cascade of two polytropic tube bundle reactors with intermediate condensation. [1] Kievidt and Thöming showed that the methane yield was improved by two folds compared to the adiabatic and isothermal operation when the reactor axial temperature profile was optimised by the Semenov number optimisation method. [9] Three phase reactors have also been considered for CO2 methanation due to their good heat dissipation and tolerance to rapid load change. [10] However, the effective reaction rate in the multiphase reactors is limited by slow mass transfer at the liquid side. [10] Götz et al. [11] proposed a reactor concept consisting of two serial reactors: an isothermal slurry bubble reactor and a polytropic honeycomb reactor with one intermediate condensation step. Full conversion could be achieved with a methane content higher than 95%.
A membrane fixed bed reactor was experimentally investigated by Ohya et al.. [12] They reported an 18% higher conversion with the membrane application compared to that of a typical fixed bed. However, the main drawback of the membrane was limited permselectivity for steam since all the components permeated and H2 showed the highest permeable flux.
Holladay et al. [13] and Brooks et al. [14] developed microchannel methanators for in-situ propellant production systems for challenging space missions.
Nevertheless, to the best of our knowledge, no methodical study has been performed to optimally design and operate the reaction section of the Sabatier process under process wide constraints (e.g. NG grid quality specifications, feed composition/flow rate). Therefore, in this contribution, enhancement measures to m a x i m i z e t h e s p a c e t i m e y i e l d ( S T Y , [ m o l s -1 m -3 ]) were systematically investigated by applying the Elementary Process Function (EPF) design methodology. [15] STY was maximized by optimizing the temperature profiles, defining optimal inlet conditions and geometric dimensions of the reactors, and analyzing different strategies for the extraction of product water. The performance of a multitubular reactor cascades with intermediate condensation steps was compared to that of multitubular reactor integrated with a highly permselective hydrophilic membrane. The reactors were designed using a recently published kinetic model for the Sabatier reaction utilizing a highly active and selective Ni-based catalyst. [16] Previously, the EPF design methodology was used in designing optimal reactors and processes for gas-solid and gas-liquid heterogeneous reactions, e.g. for ethylene oxide production.
[17]
The present study demonstrates the applicability of the methodology to a topic relevant to renewable energy conversion.
Optimal Reactor Design
Due to the strict specifications of water content for the methane to be fed-in into the natural gas grid, the reaction section for CO2 methanation is integrated with a downstream drying step (e.g. glycol unit, see Fig. 1 ).
The reactor for CO2 methanation is systematically analyzed and optimized in the following chapters. According to the EPF methodology, three design levels with increasing modeling complexity are defined and the corresponding decision structure is illustrated in Fig. 2 .
Level 1
In Level 1, the reactor is represented by a fluid element that is freely influenced by external heat and component fluxes (qex(t), ji(t)) and by an internal reaction flux (rrxn(t)) along the reaction coordinate. These fluxes act as decision variables that guarantee optimal distributed profiles of the state variables (e.g.
T(t), xi(t), p(t))
i.e. optimal reaction route. Depending on the fluxes allowed, different cases are investigated in this level, e.g. in Case 1 only heat flux qex(t) is allowed, (see Table 2 ).
Since the aim in Level 1 is to unveil and compare quantitatively the potential of the different integration concepts (Cases in Table 2 ), no technical or transport kinetic limitations are enforced on the external fluxes. In other words, qex(t) and ji(t) can be varied such that any optimal temperature and component concentration profiles are allowed.
The internal flux (r(t)) -rate of reaction -is defined by the type of catalyst used. Several noble and transition metals (e.g. Ni, Ru, Rh, and Co) on various oxide supports (e.g. TiO2, SiO2, MgO, and Al2O3) have showed high activity to catalyze the methanation reaction. [18] The most active and selective (100% selectivity) are the Ru-based catalysts. [18] However, due to the high cost of the noble metals, their use is preferred only in special applications where very compact reactors are required (e.g. space applications). For industrial SNG processes, e.g. for CO2 methanation as discussed here, nickel based catalysts are relatively inexpensive and highly active, and are therefore considered in this study. An intrinsic kinetic model for CO2 methanation over Ni/Al2O3 was recently published by Koschcany et al.. [16] The model is based on the Langmuir-Hinshelwood mechanism, and is very suitable for this study since the kinetic experiments were performed under process relevant conditions:
The detailed rate equation and the used parameter values are given in the Supplementary material of this paper. 
Model Formulation
The fluid element is infinitely small and is assumed to be ideally mixed. It is described using a pseudo-homogeneous model consisting of component mass and energy balance equations in Lagrangian formulation. The fluid element is assumed to be randomly packed with spherical catalyst particles with a void fraction e=0.38.
The component mass balance is defined as
In this example, we assume that the CO2 originates from the effluent of an average sized biogas plant (1100 Nm 3 hr -1 , see T a b l e 1 ) . T h e C O 2 stream is assumed to be CH4 free as obtained after CO2 separation in the biogas plant. The ratio of H2 to CO2, inlet temperature, and inlet pressure are all decision variables. The quality of the produced SNG is specified such that it can be injected directly into the natural gas grid or used as fuel for cars in Germany (DVGW G260/A, 2013 and DIN 51624):
The energy balance is formulated in terms of temperature. It is assumed that the enthalpy change due to extraction/dosing of compounds and pressure changes is negligible compared to the heat released by the reaction or the heat exchanged for cooling/heating, qex. This is a reasonable assumption considering the high exothermicity of the methanation reaction. Since qex is assumed to be unlimited in Level 1, the temperature of the reaction mixture can vary freely within the applicability of the kinetic equations: 453 ≤ T ≤ 613 K. The optimal temperature profile over the reaction time is expressed as Equation S5 in the Supplementary material. The rigorous modeling of the drying unit exceeds the scope of this work and is therefore modeled here as a black box using a simple mass balance.
The optimal reaction route (e.g. optimal profiles for T and xi) is calculated for the Cases 1 to 6 (Table 2 ) by solving the dynamic optimization problem. The optimization problem is constrained by ordinary differential equations (balances), algebraic equalities and inequalities, as well as inlet and outlet conditions. The optimization problem is converted to a nonlinear programming (NLP) using orthogonal collocation on finite elements and is solved using an appropriate NLP solver (CONOPT).
The objective function for Level 1 is defined as:
Mathematically, the dynamic optimization problem is defined as:
· Component mass and energy balance equations (Eqs. 2 and S5) · Chemical reaction kinetics (Eqs. S1 to S4) · Intrinsic bounds e.g. temperature, pressure. · State equations e.g. Ideal gas law · Mass balance of the downstream dehydration process
Result and Discussion for Level 1
Depending on the fluxes which are selected as decision variables in Cases 1 to 6, different optimal reaction routes (e.g. optimal profiles for T and xi) are determined. The resulting STY for each case is summarized in Table 2 : The optimization results of Level 1 show that dosing of H2 or CO2 over the reaction time is not favored: jH2(t)=0 and jCO2(t)=0 in Cases 2 and 3 respectively. The STY of these two cases (STY=15 molm -3 s -1 , see Table 2 ) is equal to that of Case 1 where only cooling (qex(t)) is enforced to obtain the optimal T profiles ( Figure 3a) . In Cases 1 to 3, the highest allowed temperature 613 K should initially be applied up to a conversion level of 0.957. Due to thermodynamic limitations, optimally a gradual reduction of the reactor temperature from 613 K to 492.7 K should then follow, to achieve finally a conversion level of ≈ 0.995. This conversion level is required in order to fulfill the natural gas grid specifications after the downstream drying step.
By extracting the products H2O (Case 4), CH4 (Case 5) or both (Case 6), the equilibrium shifts towards the product side according to the Le Chatelier principle. Thermodynamic limitation is overcome and the optimal temperature is always at the upper bound (613 K) for maximum enhancement of the reaction rate (see Figure 3a) . The level of enhancement, nevertheless, is dependent on the components extracted. Figure  3b shows the conversion as a function of dimensionless reaction time (normalized to the reaction time of Case 1) for the Cases 1, 4, and 5. The desired conversion (X≈0.995) is achieved in much shorter time when H2O or CH4 is extracted: 1.5% and 36% of total reaction time of Case1 respectively. In all cases, the conversion increased initially very fast. However, after a conversion of 0.95, the rate decreases significantly for Case 1 and 5. The decrease is more pronounced in Case 1 due to the thermodynamic limitations. More than 60% of the reaction time is due to increase the conversion from X=0.95 to 0.995. Figure 3c shows the optimal profile of jH2O and the component mole fractions as a function of reaction time for Case 4. Water is continuously removed to keep the water content minimal over the entire reaction time. Initially, jH2O is at approximately 125 mols -1 and then it gradually decreases close to zero along the reaction time, as the reaction rate decreases.
In the next stage, Level 2, solutions for technically realizing the optimal profiles of jH2O and qex, obtained in Level 1 for Case 4 are analyzed in detail.
Level 2
Case 4, which is the most promising in Level 1, is investigated in Level 2. Mechanisms for attaining the desired profiles of jH2O and qex are elaborated here. For the removal of H2O, two alternatives are compared. Firstly, cascades of polytropic reactors with interstage condensation steps are considered. The temperature inside the condenser is taken as decision variable in order to control the level of condensation. The second option is the continuous removal of H2O by means of a membrane (membrane reactor). In this case, the water flux across the membrane is controlled by the membrane permeance.
The heat flux, qex,, across the reactor is realized by an external coolant. The coolant temperature is a decision variable that varies to achieve an optimal temperature profile inside the reactor. 
Reactor Cascade with Interstage Condensation
Condensation is a simple method for water removal. It is applicable here due to the high volatility of H2, CH4 and CO2, which allows the removal of water without severe losses of H2 and CH4. The integration of condensation with the reaction in one unit allows the continuous extraction of water as found optimal in Level 1. However, since the methanation reactor operates at 613 K, the condensation is not feasible because it would require very high pressure (> 100 bar).
In our analysis in Level 2, we applied interstage condensation in a cascade of polytropic reactors where the number of condensation steps in the cascade is optimized. Since the objective is to maximize the STY, we selected randomly packed spherical catalytic particles that allow a maximum catalyst density. The particle diameter is a decision variable in the optimization and is constrained to: 1 mm ≤ Dp ≤ 30 mm. Other variables in the optimization for the reactors are: the inlet temperature (492 ≤ Tin ≤ 613 K), the inlet pressure (1 ≤ pin ≤ 15 bar), the tube diameter (1 mm ≤ Dt ≤ 1 m), the number of tubes in the multitubular reactor (1 ≤ ntubes ≤ 500), the inlet mole fraction, and the coolant temperature 422 ≤ Tc ≤ 613 K. For safety reasons, the temperature difference between the reaction mixture and the coolant is limited to be maximal 20 K.
Model Formulation of the Reactors
The reactors, operating in steady state, are modeled using a 1D pseudo-homogeneous plug flow model. According to Schelerth and Hinrichsen [19] , a 1D pseudo-homogeneous model is able to describe the qualitative trends of the reactor and can be used for evaluating the process conditions. The reactors are assumed to be radial gradient free in concentration, temperature or velocity and the axial diffusion is negligible compared to the axial convection.
The STY is defined as:
The component mass balances (Eq. S6), the interstitial velocity profile (Eq. S7) and the superficial velocity (Eq. S8) are given in the Supplementary material.
The energy balance is modified according to the definition of Level 2 (see Eq. S9). The heat exchange, qex, between the reaction segment and the coolant section is limited in Level 2 (see Eqs. S10 to 12).
The pressure drop inside the reactor is estimated by the Ergun equation (see Eq. S13), and the bed porosity is described by the equation from Jeschar et al. [20] (see Eq. S14).
To ensure a high effectiveness factor for the reaction rate ( hc ≥ 0.95), criteria for the absence of inter and intra heat and mass transport limitations are enforced as constraints. For plug flow, the diameter ratio of the reactor tube to catalyst particle is constrained to be higher than ten. The equations are given in the Supplementary material (Eq. S15-S20).
Model Formulation for the Condensers
The phase separation in the condenser is calculated using an equilibrium flash model. At equilibrium, the dew point equation must be satisfied. [21] The temperature and the split factor, [22]
The reactors, condensation steps, and the downstream drying step are all included in the optimization problem which has the following general form:
· Component mass balance (Eq. S6) · Chemical reaction kinetics (Eqs. S1 to S4) · Energy balance (Eq.S9) · Ergun equation for pressure drop (Eq. S13) · Transport kinetics (Eq. S10) · State equations, e.g. ideal gas law · Intrinsic bounds, e.g. temperature, tube diameters. · Inlet and outlet compositions · Design criteria equations (Eqs. S15 to S18) · Dew point equation · Mass balance for the glycol unit
Results and Discussion
The unlimited water removal as assumed in Level 1 could be realized by an infinite number of reactors integrated with an infinite number of condensation steps. However, this is not practical. In this study, reactor cascades with up to four condensation steps are considered. Figure 5 shows the STY for the various cascades. As expected, the STY increases with increasing the number of condensation steps. The 2CS cascade is thus the most attractive scheme and is therefore selected for a detailed analysis. Expectedly, the inlet pressure is at the upper bound (15 bar) since high pressure is favored for thermodynamic and kinetic reasons. Figure 5 shows the mole fraction profiles of the components in the three reactors.The mole fraction of H2O is relatively high in the Reactors 1 and 2 (R1 and R2) where most of the conversion is achieved (XR1=0.57, XR2=0.94).
The low split factor of water in condenser 1 and 2 (Table 3) following Reactor 1 and 2 respectively, implies that closely all water is in the liquid phase. As a result, the mole fraction of water decreases close to zero after each condensation step as can be seen at the inlet of Reactor 2 and 3.
On the other hand, the mole fraction of H2O is relatively low in Reactor 3 that the thermodynamic limitation is overcome leading to a very high conversion (XR4=0.995) at T=575 K. The gas mixture leaving Reactor 3 has a mole fraction of: 0.018 for H2, 0.027 for CO2, 0.862 for CH4 and 0.093 for H2O. H2 and CO2 concentrations already meet the pipeline specifications. CH4 mismatches slightly the desired value while that of H2O is far too high. Nevertheless, the desired composition will be met after drying the gas. Figure 6 shows the optimal temperature profile of the gas mixture and the coolant in the three reactors. At the beginning, the temperature increases gradually in parallel with the coolant temperature (see Fig. 6a ). At the final stage, the coolant temperature increases very fast causing a steep increase in the A similar behavior is seen in Reactor 2. At the beginning, the temperature increases gradually in parallel with the coolant temperature. At the final stage, the coolant temperature increases very fast causing a steep increase in the mixture temperature. In Reactor 3, the temperature increases faster at the beginning in comparison to Reactor 1 and 2 reaching a maximum (597 K). The coolant temperature then decreases gradually leading to a lower reaction temperature to achieve the desired conversion.
From the temperature profile of the coolant (increasing with time except for the last part of Reactor 3), one can deduce that the reactors should be coupled with co-current cooling.
Membrane Reactor
One process intensification concept is the application of a membrane reactor where the reaction and separation are integrated in one unit. Hydrophilic membranes are available for in-situ removal of water. [23] However, for the present application, the membrane has to fulfill special requirements in terms of permeance, permselectivity, as well as thermal and mechanical stability. The hydroxy sodalite (H-SOD) membrane synthesized by Khajavi et al. [24] possesses high H2O/H2 permselectivity allowing small molecules such as helium and water (kinetic diameters 2.6 and 2.65 Å respectively) to permeate through but not hydrogen. Exceptional for the H-SOD membrane is the high temperature (max. 723 K) and pressure (max 24 bar) tolerance.
[25]
Model for Membrane Packed Bed Reactor
The water flux through the membrane is described by a phenomenological transport kinetic model. The flux is proportional to the partial pressure difference across the membrane and the permeance:
The permeance controls the flux and is allowed to vary within realistic bounds: 10 -8 ≤ Perm ≤ 10 -6 molm -2 Pa -1 s -1 . The equations for the mass and energy balances, the mass flux through the membrane, the interstitial velocity profile and the void fraction are presented in the Supplementary information.
The STY is defined based on the total volume of the membrane reactor as follows:
The general form of the optimization problem on Level 2 is given as follows: Figure 7a shows the optimal H2O flux profile along the reactor including the new control variable, the membrane permeance. The maximal permeance is applied (the upper bound 10 -6 molm -2 s -1 Pa -1 ) over the entire reaction time. The water flux increases with the increase in water content (see Fig. 7a and 7b) reaching a maximum at the middle of the reactor.
An optimized inlet temperature of 532 K is obtained which then gradually increases in parallel with the coolant temperature. The temperature profile shows a steep increase at one third of the reaction time reaching the maximal allowed value (613 K). At this point, most of the reactants are already converted (see Fig.  7b ). Then the temperature decreases again until the desired conversion is reached. The cooling duty is minimal since the temperature difference is small (4 K). The above described temperature profile could technically be realized by two reactor segments: First with active co-current and the second with counter current cooling.
A STY of 30 molm -3 s -1 is obtained with the membrane reactor configuration, which is clearly lower than that of Case 4 in Level 1. The lower STY in a membrane reactor is partially attributed to the definition of STY. Here, the catalyst-free volume in the permeate side is included in the reactor volume unlike in Level 1 where the volume of the fluid element is assumed to be completely catalyst-filled. If the STY of a membrane reactor was defined based only on the catalyst-filled volume, then we obtain a STY of 35 molm -3 s -1 ). Another reason is the limited heat and the water fluxes in the membrane reactor. Due to the limited permeance of the membrane (Eq. 5) this reactor had higher water mole fraction than those demonstrated in Level 1 (Fig. 3) or Level 2 for the reaction cascade (Fig. 5) . 
Level 3
The technical feasibility of the most promising reaction configuration, 2CS reactor cascade, is further assessed in the following. The same equations and bounds as used in the previous level are applied in Level 3. However, the balance equations are now formulated in the Eulerian formulation (see Eqs. S26 to S28). The optimal temperature profiles of the three reactors in Level 2 are technically approximated using co-current cooling. The coolant used is molten salt NaNO2 (HITECH ® from BRENNTAG) which is suitable for high temperature applications (422-811 K).
The change in the coolant temperature is now defined by a simplified 1D energy balance. The mass flow rate of the coolant, The energy balance for the cooling section reduces the degrees of freedom of the optimization problem. The heat flux can not be optimized anymore and only the inlet conditions (e.g. Tin , pin, ) and other design variables (e.g. Dt, Dp) are optimized. This will result in a lower STY in Level 3 compared to that in Level 2. Figure S1 shows the temperature profiles of the gas mixture and the coolant in the three reactors. The mixture temperature profiles in Level 3 resembled the profiles of Level 2 except for the steep increase seen at the end of Reactor 1 and 2 in Level 2. The maximum temperature reached was around 562 K in Reactors 1 and 2 and 580 K in Reactor 3.
Results and Discussion
Although the STY achieved in Level 3 (94 molm -3 s -1 ) is smaller than the one achieved in Level 2 (130 molm -3 s -1 ), the result shows good temperature control with relatively small reactor sizes.
The constructional parameters of the reactor tubes in the three reactors are listed in Table 4 . The optimized length of the tubes is much larger than their respective diameter which was at its lower bound. This is related to the high exothermicity of the reaction which demands a geometry that provides a large surface area to volume ratio for an efficient heat transfer between the gas mixture and the coolant.
The particle diameter is at its lower bound (1 mm) in the three reactors. The smaller the particle diameter, the less limited is the heat and mass transfer. Moreover, a small particle diameter lowers bed porosity and increases the catalyst density. The optimal ratio of H2 to CO2 in the feed is 3.9 and the optimal number of tubes in the reactor is 218. 
Conclusion
A reaction configuration was optimized to produce renewable methane of natural gas grid quality while reducing the downstream processing steps to dehydration. The influence of ideal cooling/heating and dosing/removal of the different components on maximizing the STY was systematically investigated according to the EPF principles. Extraction of water is clearly more beneficial than the removal of CH4 leading to a significantly increased STY. Therefore, two reaction configurations that apply water removal were investigated and compared: Membrane reactor with continuous water removal over the entire reaction time and polytropic reactor cascade with intermediate condensation. In this work, the cascade was optimized in terms of the temperature profile of the reaction mixture, operating pressure, inlet composition, reactor dimensions, number of condensation steps, the moment along the reaction time at which condensation needs to be performed and the level of separation (split factor).
Our theoretical analysis shows that a cascade consisting of three multitubular reactors with co-current cooling and two condensation steps was the most attractive configuration in terms of maximized STY. The reactor cascade approach is superior to the membrane reactor. Nevertheless, the membrane reactor is still an attractive option for the Sabatier process and shouldn't be completely ruled out. The performance of the membrane reactor could be significantly enhanced by improving the permeance of the membrane material. The calculations showed that an increase in the membrane permeance by one order of magnitude from the typical value (10 -6 molPa -1 m -2 s -1 )
increases the STY by 130%. Moreover, the membrane reactor is more compact than the cascade configuration where additional auxiliary units are needed giving rise in the investment and operating costs. In order to identify the economically best reaction configuration a detailed optimization based on cost estimation would be necessary.
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